The analytical solutions of the Klein-Gordon equation with the Yukawa potential is presented within the framework of an approximation to the centrifugal potential for any arbitrary state with the position-dependent mass using the parametric Nikiforov-Uvarov method. The energy eigenvalues and the corresponding wave function have been obtained. The energy for both the scalar potential and vector potential as well as the effect of the screening parameter on each of the energy for scalar potential and vector potential are investigated in detail. The nonrelativistic limit is obtained and numerical results are computed. It is found that our results for the constant mass and that of the nonrelativistic limit are in good agreement with the one in the literature.
Introduction
In the recent years, there has been an increasing interest in finding the analytical solutions of the relativistic Klein-Gordon equation [1] [2] [3] [4] [5] [6] . This is because, the relativistic Klein-Gordon equation with some physical potentials of interest play significant roles in the relativistic quantum mechanics. Thus, some known physical potentials with the Klein-Gordon equation have received considerable attentions from many researchers in the past years. For instance, Ibrahim et al. [7] , obtained analytical solutions of the N-dimensional Klein-Gordon equation and Dirac equation with Rosen-Morse potential. Falaye [8] , solved the Klein-Gordon equation with ring-shaped potentials. Ikhdair and Hamzavi [9] , investigated the effects of external fields on a two-dimensional KleinGordon equation of a particle under Pseudo-harmonic oscillator interaction. Hamzavi et al. [10] also studied spinless particles in the field of unequal scalar-vector Yukawa potentials. Dong [11] , studied relativistic treatment of the spinless particles subject to a rotating Deng-Fan oscillator. Sun and Dong [12] , studied relativistic treatment of the spinless particles subject to Tietz-Wei oscillator, Wei and Liu [13] , obtained relativistic bound states of the hyperbolical potential with the centrifugal term. Ikhdair and Sever [14] , obtained exact solutions of the Klein-Gordon equation for the PT-symmetric generalized woods-saxon potential using Nikiforov-Uvarov method. In addition, Ikhdair and Sever [15] , also studied the exact bound states of the D-dimensional Klein-Gordon equation with equal scalar and vector ring-shaped pseudoharmonic potentials. Berkdemir [16] , investigated the relativistic treatment of a spin-zero particle subject to the Kratzer-type potential. Dong et al. [17] , studied the Klein-Gordon equation with a Coulomb potential in D dimensions. It is noted that some of the potentials mentioned above do not admit exact solutions due to the existence of the inverse squared term or centrifugal term attached to them. A typical example of such potentials is the Yukawa potential. The Yukawa potential was proposed by Hideki Yukawa [18] in the 1930s. This potential was showed to have arisen from the exchange of a massive scalar field such as the field of massive boson [18] . The Yukawa potential has various applications in the field of studied. The Yukawa potential modified for the finite size of the dispersing particle was represented with sufficient accuracy the influence of ionic concentration of the rigidity of colloidal systems of the polystyrene spheres and ovalbumin molecules [19, 20] . It was equally applied to the auto-controlled mechanism of the ovalbumin molecules in aqueous systems [21] . Matsumoto and Inoue [22] also used Yukawa potential to analyze the novel phenomenon in a solidlike structure in ovalbumin aqueous collides. The Yukawa potential is of the form [18] 
where  is the strength of the potential and  is the screening parameter. When the screening parameter tends to zero, the Yukawa potential (1) reduces to pure Coulomb potential.
The Yukawa potential interacts with the Coulomb potential to generate the Hellmann potential [23] which has vigorous application in the representation of electron core interaction [24] , alkali hydride molecules [25] and the study of the inner shell ionization problems [26] . The effective mass Klein-Gordon equation with Yukawa potential was studied by Arda and Sever [27] for a case when the scalar potential equals zero i.e. 
  0
Vr The scheme of our work is as follow: In the next section, we present a brief parametric Nikiforov-Uvarov method. In section 3, the bound state solution of the effective mass Klein-Gordon equation is presented while in the last section, we give the concluding remark.
Parametric Nikiforov-Uvarov Method.
Given the general form of the Schrӧdinger equation as [28, 29] ,
Tezcan and Sever [29, 30] gave the energy condition as
,
Bound state Solution
The Klein-Gordon Equation with Scalar potential () Sr and Vector Potential () Vrof a particle of mass M and relativistic energy
In order to solve Eq. (7) 
Now, substituting Eqs. (8), (9), (10) and (11) 
Comparing Eq. (12) 
where
Case 2.
When the scalar potential equal to zero i.e.   0, Sr then, Eq. (7) 
Discussion
In Table 1 , we compared our results with the previous results. It is observed that our results show a good agreement with the previous one by Arda and Sever who obtained the solution of KleinGordon equation for a mass function with only vector Yukawa potential. In Table 2 , we reported the eigenvalues with different values of the scalar and vector potentials. It is observed that the eigenvalues obtained with 00 SV  are lesser than their counterpart with 00 VS  . In Table 3 , we reported the eigenvalues for vector potential and scalar potential separately. It is noted from the Table that in the case of vector potential, the positive and negative energy eigenvalues obtained differs but for the scalar potential, the positive and negative energy eigenvalues are numerically the same. It is also deduced from Table 4 , that for the same numerical value used for vector and scalar potentials, the energy eigenvalues for the vector potential are higher in magnitude compare to that obtained with the scalar potential. In Tables 4 (a) 
In a case where the scalar potential and the vector potential are equal for a constant mass, the energy equation becomes
To the best of our knowledge, there is no experimental evidence for this solutions. Thus, our calculations are only of academic interest. It therefore becomes very necessary to test the accuracy of our calculations. To do this, we obtain the non-relativistic limit of Eq. (25) Table 2 . Energy eigenvalues for 00 SV  and 00 SV  with 0 1 m  and 1 0. 
Conclusion:
In this work, we have examined the position dependent mass function of the Klein-Gordon equation with unequal scalar and vector Yukawa potential by employing a suitable approximation scheme to the centrifugal term in the framework of parametric Nikiforov-Uvarov method. The effect of both the scalar potential and vector potential are numerically studied in detail. By using some transformation, we have obtained the non-relativistic limit of the Klein-Gordon equation. Numerical results are computed for the non-relativistic limit and compared with results of other methods previously obtained. Our results are found to be in good agreement with the previous results.
